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Abstract 

We study the extension of the approach to the a-theorem of Komargodski and Schwimmcr to 
quantum field theories in d = 6 spacetime dimensions. The dilaton effective action is obtained 
up to 6th order in derivatives. The anomaly flow auv — am is the coefficient of the 6-derivative 
Euler anomaly term in this action. It then appears at order p 6 in the low energy limit of n- 
point scattering amplitudes of the dilaton for n > 4. The detailed structure with the correct 
anomaly coefficient is confirmed by direct calculation in two examples: (i) the case of explicitly 
broken conformal symmetry is illustrated by the free massive scalar field, and (ii) the case of 
spontaneously broken conformal symmetry is demonstrated by the (2,0) theory on the Coulomb 
branch. In the latter example, the dilaton is a dynamical field so 4-derivative terms in the 
action also affect n-point amplitudes at order p 6 . The calculation in the (2,0) theory is done by 
analyzing an M5-brane probe in AdSy x S 4 . 

Given the confirmation in two distinct models, we attempt to use dispersion relations to 
prove that the anomaly flow is positive in general. Unfortunately the 4-point matrix element of 
the Euler anomaly is proportional to stu and vanishes for forward scattering. Thus the optical 
theorem cannot be applied to show positivity. Instead the anomaly flow is given by a dispersion 
sum rule in which the integrand does not have definite sign. It may be possible to base a proof 
of the a-theorem on the analyticity and unitarity properties of the 6-point function, but our 
preliminary study reveals some difficulties. 
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1 Introduction 



There is a common paradigm in quantum field theory in which the correlation functions of a non- 
conformal theory approach those of a conformal theory, the CFTuv> at short distance and those of 
another conformal theory, the CFTjr, at long distance. The two CFT's are viewed as end-points 
of the renormalization group flow (RG flow). Among the quantities characterizing a CFT are its 
trace anomaly coefficients, frequently called central charges, obtained by embedding the theory in 
a curved background metric g pu (x). 

Zamolodchikov's c-theorem [1] revealed a remarkable structure of RG flows of two-dimensional 
quantum field theories. He showed that there is a positive definite function C(gi) on the space 
of couplings that satisfies three properties: (a) C decreases monotonically along RG flows, (b) 
fixed points of the RG flow are critical points for C, i.e., d gi C\ g * = 0, and (c) at these fixed 
points, C(g*) coincides with the central charge c of the corresponding conformal field theory. 
These properties hold in any unitary, renormalizable and Lorentz invariant two-dimensional QFT. 
A direct consequence is that for any RG flow, the central charges of the end-point CFT's satisfy 
the inequality 

c uv > c IR . (1.1) 

The central charge is often interpreted as providing a measure of the 'number of degrees of freedom' 
and hence the c-theorem confirms the intuition that this number should decrease along RG flows. 

Zamolodchikov's result motivated the search for a similar property in higher-dimensional quan- 
tum field theory. For d = 4 the trace anomaly has two central charges c and a and takes the 
form 

(T%) = cW 2 -aE 4 , (1.2) 

where W 2 denotes the square of the Weyl tensor W pupa of the background geometry and a multiplies 
the quadratic combination of curvatures which is the integrand of the Euler integral invariant 

Ea = R^ pu R» upa - AR^W + R 2 . (1.3) 

In 1988 Cardy [2] conjectured, with evidence from several models, that for any RG flow, it is the 
Euler central charge a and its analogue in higher even spacetime dimension that satisfies the desired 
inequality 

a uv > a m . (1.4) 

For several reasons it was a difficult problem to prove this conjecture, although the unsuccessful 
25 year effort has taught us quite a bit of interesting physics. For example, the central charges 
of many supersymmetric gauge theories in four dimensions can be calculated [3-5], and the Euler 
central charge a satisfies (1.4). Furthermore, it is quite easy to prove the a-theorem for QFT's 
which have an AdS/CFT dual [6-9]. 

A concise and insightful proof for any four-dimensional RG flow connecting two conformal 
fixed points was recently presented by Komargodski and Schwimmer in [10] and discussed further 
in [11, 12]. The key idea in this work is to use the dilaton field t{x) to probe the trace anomaly. 
If conformal symmetry is spontaneously broken, as on the Coulomb branch of N = 4 SYM theory, 
the dilaton is a massless Goldstone boson in the spectrum of the theory. If conformal symmetry is 
broken explicitly by dimensionful parameters of the QFT, the dilaton is introduced as a conformal 
compensator. As we review in Sec. 2 below, the a-theorem can be proved quite elegantly in this 
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framework: it follows from the analyticity and unitarity of the forward 4-point scattering amplitude 
of the dilaton. 



It is natural to ask whether the dilatonic approach of [10] can be extended to QFT's in any 
even spacetime dimension. For general d = 2n, the trace anomaly can be written as [13, 14] 1 



and it defines a number of central charges of the CFT. Each term on the right-hand side is con- 
structed from the background geometry and has conformal weight d. In particular, is the Euler 
density in d dimensions while yj—gli are conformal invariants. It is the Euler central charge which 
Cardy [2] conjectured to satisfy an a-theorem. The question that originally motivated the present 
paper was whether the new insights of [10] can be applied to prove such a theorem for RG flows in 
d = 6 dimensions. 

We begin our investigation by constructing the d = 6 effective dilaton action in Sec. 3. As in 
d = 4, the anomaly flow Aa = auv — «IR appears as the coefficient of the dilaton Wess-Zumino 
term which arises from the 6-derivative Euler density. 2 A new feature appears in d = 6: there are 
Weyl-invariant 4-derivative terms that contribute to the dilaton scattering amplitudes. We present 
the general 4-, 5- and 6-point on-shell dilaton scattering amplitudes in the low-energy expansion, 
specifically focusing on the contributions of order p 4 and p 6 in the momenta. 

The structure of the dilaton effective action and scattering amplitudes is confirmed in explicit 
examples. In Sec. 4 we study a free massive scalar and verify that when the massive mode is 
integrated out, the low-energy effective action of the dilaton (which is introduced as a conformal 
compensator in this case) agrees with our general result. 

Encouraged by the massive scalar example, we discuss in Sec. 5 the structure of dispersion 
relations for the dilaton amplitudes. Unfortunately, no positivity statement or monotonic a-function 
can be extracted from the 4-point amplitudes at order 0(p 6 ). It may be possible to derive an a- 
theorem for RG flows in 6d from the 6-point dilaton amplitude, but its analyticity, crossing, and 
unitarity properties are quite complicated, e.g., see [20], and we leave such an analysis for the 
future. 

It is difficult to find conventional interacting field theories with tractable RG flows in d = 6 
dimensions. In d = 4, the prime example for a theory with spontaneously broken conformal 
symmetry is = 4 SYM on the Coulomb branch. The analogue in d = 6 is the M5-brane (2,0) 
theory on the Coulomb branch. It has no weakly coupled description and is not easy to treat 
directly. For this reason, we turn to a holographic description. This system is holographic sine 
qua non, but we will be testing the dilatonic formulation of the a-theorem in a different way from 
traditional holographic a-theorems [7,6,8]. As a warm-up to the 6d (2,0) theory, we present in 
Sec. 6 a detailed account of how the 4d dilaton effective action is extracted from the holographic 
treatment of the Coulomb branch RG flow of AA = 4 SYM. 3 The techniques are then extended 
to the Coulomb branch flow for the 6d (2,0) theory in Sec. 7. Recently, ref. [21] studied how 
supersymmetry determines Aa ~ iV 2 for the 6d (2,0) theory. In our analysis, we match the 

1 Scheme dependent terms of the form J M are ignored in (1.2) and (1.5). See [15,16] for an interesting application. 

2 In this paper we assume that RG fixed point theories are conformal. A scenario in which fixed point theories are 
scale invariant but not conformal invariant has been discussed in the recent literature, see [17, 18] (and see also [19]), 
but are argued to be ruled out in d = 4 [12]. 

3 We thank Juan Maldacena for this suggestion. 




(1.5) 
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full dilaton effective action from the DBI action of a probe M5-brane. In particular, we extract 
Aa at large N including the numerical coefficient and find that it agrees with the literature [22]. 
Our analysis also clarifies the role of the dilaton in the case of spontaneously broken conformal 
symmetry: the dilaton must then be treated as a dynamical field, as opposed to the scenario of 
explicitly broken conformal symmetry in which the dilaton may be treated as a source [11,12]. The 
difference is manifest in the dilaton amplitudes. 

We conclude with a brief summary of our results and future directions in Sec. 8. Technical 
details are relegated to appendices: App. A collects conventions and some exact forms of 6d Weyl- 
invariants. App. B contains two complementary derivations of the 6d Euler anomaly action. And 
finally App. C summarizes the Coulomb branch flow in the D1-D5 system at large N; this is the 
2d analogue of our analyses of the 4d N = 4 SYM and the 6d (2,0) theory. 



2 The a-theorem for d = 4 



We review the proof of the a-theorem in four dimensions presented by Komargodski and Schwimmer 
[10]. Issues relevant to the analysis in higher dimensions will be highlighted. The key ingredient to 
understand is the role of the 'dilaton'. This is conceptually simpler in theories in which conformal 
symmetry is broken spontaneously, so we begin with this case. The dilaton is then a Goldstone 
boson of the theory. To find its low-energy effective action, we couple the theory to the general 
metric g^ u (x) and consider the effect of diffeomorphisms and Weyl transformations 



2a(x) 



t(x) — > t(x) + cr(x) 



(2.1) 



The dilaton effective action has two classes of terms, those which are manifestly invariant under 
(2.1) and those which encode the Weyl anomaly. Of course, both sets of terms are also invariant 
under diffeomorphisms. 

The anomaly term is more interesting. It is a functional S[g,r] whose linear variation in a is 
the trace anomaly (1.2). We start with the simple term 



Hmp 



= J d 4 x^r (cW 2 -aE 4 ) , 



(2.2) 



with W 2 and £4 as in (1.2). The 5t(x) variation reproduces the correct Weyl term of (1.2) because 
the combination ^p^gW 2 is Weyl invariant and independent of r. By contrast, ^J rz ~g E4 is not 
Weyl invariant, so the variation of the Euler term above yields a spurious term linear in <9 M r, as 
well as the desired contribution proportional to E4. However, the action above can be corrected by 
adding additional terms nonlinear in r [23, 10] such that the final form of the anomalous dilaton 
Wess-Zumino action becomes 



J d A Xyf^g~\cTW 2 - a\rE A + A{R^ v -\g^R)d^Td v T-A(dT) 2 UT + 2{dT) A \ [ Y 



(2.3) 



In the flat space limit, one can see that (2.3) generates order p 4 terms in dilaton amplitudes. 

We must be careful to include in <S[p,r] all other possible terms in the effective action which 
generate amplitudes of order < p 4 and are consistent with the symmetries. These (Weyl x diffeo)- 
invariant terms can easily be found by writing all independent curvature invariants in terms of 
the manifestly Weyl invariant 'metric': g^ v = g ilv er 2T . Up to four derivatives, the independent 
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invariants in a conformally flat spacetime are [10] 



Sir 



-I' 



12 J 36 



(2.4) 



Here / is a constant with mass dimension one. We now combine eqs. (2.4) and (2.3), take the flat 
space limit, i.e., g^ u — s- Tj^ u , and obtain the total effective action of the dilaton used in [23, 10, 11] 



d 4 x 



a e 



-At 



~ e- 2T {dTf + k(Dt- {drf ) + 2a 2(3t) z Dt - {dr 



(2.5) 



Hence Weyl and diffeomorphism invariance lead to a highly constrained form for the effective dilaton 
action even in flat space. 

Let us make two further refinements of the action S T in order to more easily apply it to the 
calculation of dilaton scattering amplitudes. The first step is to 'complete the square' in the terms 
proportional to a. With the shift k' = n — 2a, we rewrite (2.5) as 



/ 



d 4 x 



a e 



-At 



l - f 2 e' 2T (dr) 2 + «' (Dr - (Or) 2 ) * + 2a r D 2 



(2.6) 



The second step is the change of variables 
1 



00 1 , \ n 
1 / V9 N 



(2.7) 



The net result is the action 

1 



V = J d 4 



-(F) in \ 2 + - 4- K ' (D ^ )2 
2 WJ + (1 - v/ff f 2 (i - ^//) 2 



+ 2a 



00 ,„m 1 — 12. Jn 



— ' mnf m+n 
n=l 



(2.8) 



Let us now follow the argument of [10] to obtain the a-theorem for RG flows with spontaneous 
breaking of conformal symmetry. The stress tensor in the flat space limit is traceless; = 
remains as the Ward identity for global conformal symmetry at the quantum level, although there 
is an anomaly in curved spacetime. 4 The constant / is related to the VEV of a relevant operator 
of CFTtjv with central charges auv an d ctjv- Ln the IR, i.e., at energies E <g /, where all 
particles with masses O(f) are integrated out, the RG flow ends at a CFTfr with oir and cir. 
The situation is similar for anomalous chiral symmetries in which the Ward identity J M = 
holds in the absence of external sources whether or not the symmetries are spontaneously broken. 
If unbroken, the low energy spectrum of the theory contains massless chiral fermions and there is 
strict anomaly matching, &uv = biR- If spontaneously broken, the spectrum of the theory contains 
massless Goldstone bosons, and the strength of their low-energy self- interactions is fixed by &tjv [24]. 
For conformal symmetry we have the intermediate situation that the total UV and IR anomalies 
match [23], and the difference Aa = otjv — a iR is the coefficient of the dilaton Wess-Zumino term 
in the flat-space limit of (2.3). This means that a in (2.5), (2.6) and (2.8) is replaced by Aa. 

In principle, all coefficients of (2.8), including Aa, can be calculated by evaluating the path 
integral for the interpolating theory whose RG flow is being studied. The first three coefficients 

4 A consequence of the curved space anomaly is that flat space correlation functions involving T M M contain contact 
terms. 
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is 



Figure 1: The contour used to derive (2.10) and (5.2). The contour C' surrounds the simple pole 
of „4(s,0)/s 3 at s = 0. 



depend on the renormalization scheme, but the anomaly coefficient Aa is universal. In the present 
case of spontaneous breaking of conformal invariance, there is a moduli space of vacua and thus no 
potential for the dilaton. So a = 0. 

When a = 0, it is clear from (2.8) that ip is a canonically normalized field with (ip) = 0. It 
is thus well suited for the computation of scattering amplitudes and <p can be thought of as the 
'physical dilaton'. The on-shell condition is simply Hip = or, equivalently, p 2 = for all external 
particles of on-shell amplitudes. It follows from (2.8) that n-point on-shell scattering amplitudes of 
the dilaton vanish as p 4 at low energy. 5 For example, the 4-point amplitude has low-energy matrix 
element 

A (s,t) = ^Aa(-p 3 ,-p i \<p 2 n 2 V 2 \p 1 ,p 2 ) = j A Aa (s 2 + t 2 + u 2 ) . (2.9) 

To prove the a-theorem we consider the full amplitude A(s, t) which approaches A(s, t) at low- 
energy. The forward amplitude satisfies a dispersion relation in which the right and left-hand cuts 
are equal by crossing symmetry. The simplest way to proceed is to note that A(s,0)/s 3 is analytic 
in the annular domain which is the interior of the curve C U C in Fig. 1. Using Cauchy's theorem 
and crossing, we obtain 

8 A 2 f°° , lm^(s,0) 
Aa = - ds \^-A . (2.10) 



/ 4 vr J SQ 

Here so is a temporary IR cutoff which allows us to separate the right and left cuts from the pole. 
In the limit sq — > we obtain the a-theorem 



/ ds ^^>0, (2.11) 

Jo s 



f f°° , lm^(s,0) 

auv - am = ~r~ 
Air 



where the positive sign is an immediate consequence of unitarity, Im^4(s,0) = sa iota \(s). The 
interpretation of the sum rule is that the difference auv — «IR receives contributions from all scales 
of the interpolating QFT. 

We discuss the sum rule (2.11) further below, but we first prefer to bring theories with explicitly 

5 Note that an n-point amplitude for any set of identical massless scalars cannot have an order p 2 term at low 
energy because the only Bose symmetric Lorentz invariant available vanishes; for example for n — 4 it is s + t + u = 0! 
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broken conformal symmetry into the picture. This means that there are explicit scale parameters 
in the Lagrangian or implicit scales which appear due to dimensional transmutation. We simply 
denote these scales by M. In this important case, Komargodski and Schwimmer [10] introduce the 
dilaton as a new weakly coupled dynamical field of the theory. (Here it can also be viewed as a source 
[11,12].) The dilaton kinetic term of (2.5) is added with "decay constant" / as a free adjustable 
parameter. Mass scales are made spacetime dependent by the replacement M — > M e~ T ( x \ In other 
words, the dilaton is added as a conformal compensator. The cosmological or potential term in (2.8) 
no longer vanishes. As in [12] we simply add a counter term to cancel it. The (improved) stress 
tensor of the theory modified in this way is traceless, so effectively we have recreated the previous 
situation of spontaneous breaking since Q(x) = f e~ T ^ acquires a VEV. With this understanding 
the previous discussion is applicable, and the sum rule (2.11) is derived as above. 

There is, however, one important difference between the two cases. For RG flows with explicit 
breaking, the constant / with dimension of mass is adjustable. It is chosen to be much larger than 
any physical scale i.e., f 3> M. In this limit diagrams containing the dilaton as an internal line 
- or as an intermediate state in the computation of Im^4(s, 0) — are strongly suppressed. The 
dilaton then effectively acts as a source for the trace of the stress tensor in the unmodified theory. 
For spontaneously broken flows, the decay constant / is a fixed physical constant (it is essentially 
the VEV), and effects of the dilaton are included in the low energy theory. Indeed, it contributes 
with the strength of a free massless scalar to otr. 

It is important to show that the integral in (2.11) converges both at s = and at large s. It 
is argued in [11] and [12] that these limits are controlled by operator deformations of the IR and 
UV CFT's. Thus the approach to the UV is determined by the least relevant operator in the flow 
away from the CFT UV . Dimensional analysis implies the large s behavior 

Im A(s, 0) ~ s 2_euv ass^oo, (2.12) 

with euv = min(4 — Aj). The estimate (2.12) indicates that the contribution of the large circular 
contour in Fig. 1 vanishes and that the dispersion integral converges at high energy. The behavior 
(2.12) is confirmed in the massive scalar boson example (in d = 4) in [11], where euv = 2 and thus 
A = 2 for the mass term M 2 $ 2 . 

The approach to the IR should be determined by the least irrelevant operator of the CFT IR , 
and we expect the low energy behavior 

Im A(s, 0) ~ s 2+em as s -> , (2.13) 

with eiR = min(Aj — 4) > 0. This makes the integral (2.11) IR finite. To exemplify this behavior 
we discuss an RG flow with spontaneously broken conformal symmetry and study the contribution 
of the 2-dilaton intermediate state to the sum rule (2.11) at low energy. For the Coulomb branch 
of N = 4 SYM theory, we are interested the 2-dilaton cut of diagrams of the type shown in Fig. 2. 
Detailed knowledge of the dilaton 4-point amplitude on each side of the cut is not required, all 
we need to know is that at low energy it behaves as A(s, t) ~ (s 2 + t 2 + u 2 ) multiplied by a real 
constant. Thus in this limit, unitarity tells us that 

lmA(s, 0) ~ J dQ(s 2 + t' 2 + u' 2 ) 2 ~ s 4 , (2.14) 
where t' = — (pi — q\) 2 and u' = — {p\ — c^) 2 - With the power law s 4 , the sum rule (2.11) nicely 
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<?2 

Figure 2: Computing Im A(s,t) via unitarity. The external particles are massless dilatons. In 
Section 2, the particles in the intermediate state are also dilatons. In Section 5, they are massive 
$ particles. 

converges at s = 0. However, it is not clear to us that it is associated with an irrelevant operator 
(which would have A = 6). 

With the extension of these ideas to d = 6 in view, we distinguish two aspects of the approach 
of Komargodski and Schwimmer [10]: 

• The Euler action, with coefficient Aa = otjv — a iR; determines the form of the dilaton 
scattering amplitudes at low energy in d = 4. In a given example, one can, in principle, 
check this form, compute the coefficient and compare the result with a calculation of Aa by 
a conventional method, such as the heat kernel method [22]. 

• They show that Aa > in any 4d theory using the analyticity and unitarity properties of the 
dilaton amplitude. We study whether these properties are as simple and as effective in d = 6. 



3 Dilaton effective action for d = 6 

To discuss the a-theorem in d = 6, our first task is to derive the dilaton effective action S'efffr]. 
Following the 4d approach of [23,10], 5 e g is the most general action whose Weyl- variation 6 a S e g 
equals the trace anomaly. In 6d, the trace anomaly (1.5) contains — in addition to the Euler a- 
anomaly — three independent Weyl tensor terms Ij . We confine our attention to the Euler anomaly 
TJ 1 = aE^. Working out the index contractions in the 2p = 6 case of (A. 7), one finds 

E, = ^R 3 -^RR,uR^ + lR^R\R\ + ..., (3.1) 

where "+. . . " stands for terms that vanish in a conformally flat background; see (A. 11). 

The Weyl variation 5 a E§ is non-vanishing, so we need to determine terms P(T,g^ u ) such that 

d 6 x sf^g ( tE 6 + P(t, g^j) => ^5 Eu ier = [ d 6 x oE % . (3.2) 



Euler " 

Then a SeuIct produces the correct anomaly action. We present two complementary derivations of 
^Euier i n App. B. Its flat-space limit is given in (3.11). 

Any Weyl-invariant action can be added to Stiller without affecting (3.2). Hence the most 
general dilaton effective action S e g includes also all possible Weyl-invariants. For our purpose 
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we need to consider all 2-, 4- and 6-derivative Weyl-invariants. 6 Since g^ = e~ 2r g^ is Weyl 
invariant, the terms we seek are found by replacing g^ u — > g^ u in linear, quadratic, and cubic 
curvature invariants. Since we are interested only in the invariants which remain independent 
when evaluated on conformally flat metrics, 

9nv = e~ 2r r]^ , (3.3) 

the Riemann tensor R^ U p a can be replaced by W^ upiJ plus Ricci-terms (see (A. 2)), and we need only 
consider terms constructed from R^u, R, and covariant derivatives. Here and henceforth, hatted 
quantities refer to the conformally flat Weyl-invariant metric (3.3). We classify the possible terms 
of this type in Sees. 3.1-3.3. The result-oriented reader can skip ahead to (3.15) and (3.14) which 
give the form of S c g that will be used in the remainder of the paper. 



3.1 2-derivative Weyl-invariants 



In any dimension d, there is a unique 2-derivative diffeo-Weyl invariant, namely \J—g R. It gives 
rise to the dilaton kinetic term. We present the d- dimensional result in (A. 12), but focus here on 
the d = 6 case whose flat space limit (3.3) is 



-gR = 10(Dr-2(5r) 2 )e 



2\ -4r 



20(<9r) 2 e 



2 -At 



(3-4) 



The second expression is obtained by partial integration. We write the kinetic term of the dilaton 

as 



'kin 



d 6 x 



f 
10 



-gR 



I 



(fx 



2f A {drfe 



-At 



(3-5) 



where / has dimension of mass. The normalization of the kinetic term is chosen for later conve- 
nience. It follows from (3.5) that the equation of motion of r is 

□r = 2{drf . (3.6) 

It is relevant to note that R is proportional to the r equation of motion, as can be seen from (3.4). 



3.2 4-derivative Weyl-invariants 

At the level of 4-derivatives, there are three basic curvature invariants: R 2 , R^R^, and DR. The 
latter is a total derivative in the effective action, so we do not consider it further. Evaluating the 
two others on the Weyl-invariant metric (3.3) we find 



S. 



a 4 



d b x 



-g\b'—R 2 

1 100 



I d 6 x{b' 



□r - 2{dr) 



b l -R^fr v 



-It 



15(Dt) 2 - 68Dr(dT) 2 + 72(dr) 4 



-2t 



(3-7) 



The couplings b and b' have dimension of (mass) 2 . It is clear that R 2 vanishes under the EOM 
(3.6), but R flu R' IU does not. It will contribute to scattering amplitudes. 



6 As in Sec. 2, the cosmological term with 0-derivatives is tuned to vanish. 
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For the purpose of calculating on-shell scattering amplitudes, it is useful to rearrange (3.7) as 



S d 4 



IH b " 



□r - 2(drf 



r 2T + 4be- T a 2 e - T 



(3.8) 



with b" = b' — 19b. This follows from using straightforward algebra to show that (He T ) 2 is a simple 
linear combination of the two Weyl-invariants in (3.7). 



3.3 6-derivative Weyl-invariants 



It is simple to list the general set of 6-derivative Weyl-invariants constructed from Ricci tensors 
and covariant derivatives. Taking the Bianchi identity and partial integration into account we find 

R 3 , R R^iv R^ v , i? £l R , R} 1 v R u ^ R x ^ , R^ U \Z\R U ^. (3-9) 

This can also be deduced from the list of eleven curvature invariants in [25] or [26]. Of those, six 
invariants involve the full Riemann tensor which can be replaced by the Weyl tensor plus Ricci's; 
the 5 remaining invariants are (3.9). 

All five invariants vanish when r is on-shell; this is clear for the first 3 invariants since they are 
proportional to R. As integrated quantities, the latter two are actually not independent from the 
three others for conformally flat metrics. To see this, first note that the integral of the combination 7 

20R» U DR U ^-6RDR- 30i?^ R u x R x fl + 11R R^ R? v - R 3 (3.10) 

vanishes for conformally flat metrics. This is used to eliminate K v □ R v ' in favor of the four other 
invariants in (3.9). Second, the Euler density Eq is a total derivative, so the integral of k v R v \ _R A M 
can be expressed in terms of the integral of R 3 and RR^RV via (3.1). 

Thus the most general Weyl-invariant 6-derivative action can be written as a linear combination 
of the integrals of R 3 , RR^R^, and RUR. Since they vanish on-shell, they will not affect the 
on-shell dilaton amplitudes at 0(p 6 ), but they are nonetheless useful for us in the following section, 
so we present their explicit forms for the conformally flat metric (3.3) in (A. 15), (A. 16), and (A. 17). 



3.4 The 6-derivative Euler action S^uier 



It is this action whose Weyl variation produces the conformal anomaly. We have computed SEuier 
from (3.2) by two related methods, and we refer readers to the self-contained discussions in App. B. 
For calculations in Sees. 4-7, we need only the result in the flat space limit, 



SWler 



(fx 



24(Dr) 2 (ar) 2 + 24(0r) 2 '(ddr) 2 + 36Dr(9r) 4 - 24(9r) e 



(3.11) 



Amplitudes are easier to calculate after a rewriting of the action (3.11). It takes straightforward 
algebra to show that 



'Euler 



/ 



(Fx 



9 



1 R 3 - -- UR^R ii; ' - -— ■ fiC n ) :irQV 



1000 



3 

20 



3 

100 



(3.12) 



7 There is a continuation of (3.10) valid for general d. See eq. (3.3) of [16]. 
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where all hatted terms are evaluated on the conformally flat metric (3.3). The first three terms 
can be absorbed in the general 6-derivative Weyl-invariant terms discussed in Sec. 3.3, and we can 
then write the most general 6-derivative effective action as 



> 9 6 



= j (fx yf^j^biB? + b 2 RR^R flu + b 3 RDRj + 3arD 3 r 



(3.13) 



Note that (3.12) requires an algebraic miracle: 7 equations in 3 unknowns have a unique solution. 
We refer readers who believe in mathematics rather than miracles to the end of App. B, where the 
formalism of Paneitz operators and Q-curvatures is discussed briefly. 

When r satisfies the equation of motion Or = 2(<9r) 2 , the three Weyl-invariants in (3.13) vanish. 
Thus only the last term, 3arD 3 r, contributes to the scattering amplitudes and it captures the 
information about the a-anomaly. Repeated use of the equation of motion (and partial integration) 

shows that 3tD 3 t — > 24(<9t) 2 (<9<9t) 2 — 48(<9t) 6 . This latter is the same result obtained by applying 
the equations of motion in (3.11). 

3.5 The dilaton effective action 



The 4d argument of Komargodski and Schwimmer [10], as reviewed in Sec. 2, shows that the change 
in the Euler central charge in the flow from the CFTuv to CFTir will be carried by the dilaton. 
Our discussion in this section can then be summarized in the flat-space limit of the dilaton effective 
action 



•S'cflf = 


J (fx 


-2/ 4 (dr) 2 e- 4r + b" 


□r - 2(dr) 2 


2 e~ 2T + Abe- T n 2 e~ T 






+\f zr g(biR i + b 2 RR fll yR flu + hR\JR^ + 3AarD 3 r 


5 



(3.14) 



with expressions for the 6-derivative Weyl-invariants given in (A.15)-(A.17). Dropping terms that 
vanish on the r equations of motion and therefore do not contribute to the low-energy on-shell 
dilaton amplitudes of our interest, we can simplify this to 



>cff 



/ 



(fx 



2/ 4 (<9r) 2 e" 4T + 46 e^U'e^ + 3Aa tU a t 



(3.15) 



Compared with 4d, it is a new feature in d = 6 that both a Weylxdiffeo invariant 4-derivative term 
and the 6-derivative Euler anomaly term contribute to on-shell dilaton amplitudes. 

3.6 Dilaton matrix elements from the effective action 



We are interested in the on-shell matrix elements of (3.15) at 4th and 6th order in the low-energy 
small-momentum expansion. As discussed in Sec. 2, we first transform to the 'physical dilaton' 
field ip, defined in 6d by 



-2t 



/2 > 



1 



In 1 



1_ 
P 



— h — h 

2/ 2 4/ 4 



(3.16) 
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The t equation of motion (3.6) implies □</? = 0, and the on-shell condition for physical dilaton is 
therefore simply p 2 = 0. 



From the action (3.15) we obtain 8 

SeS = J <fx{- l -(dv? 



2/6 



ip 2 D 2 <p + 



16f s 



4(p 3 n 2 ip + ip' z d 2 ip 



2i— 12,„2 



+ 



32/ 



10 



3n2,J 



128/ 12 
3Aa 



14 ip 5 n 2 ip + 5 V + 2 v9 3 a V 3 



(3.17) 



Aa 



Aa 



+ Vn Vl + o(/) ^ . 



+ 16/* ^ V + ^ D V + 48/12 
Next we extract the dilaton matrix elements. 
Matrix elements at 0(p 4 ) 

It is easy to extract the on-shell matrix elements from (3.17). At order 0(p 4 ), the results can be 
read off directly from the interaction vertices. Any vertex with 0<p can be dropped. The term 
(n) k (p m with k > 2 contributes simply as m\(s ili2 ... im ) k , where s ili2 ... im = -(p h + p i2 + . . . +Pi m ) 2 . 
For example, for the 4-point matrix elements, the only contribution comes from (p 2 \D 2 (p 2 which 
gives the vertex rule 8(s 2 + t 2 + u 2 ). We list the results at 0(p 4 ) below for later reference: 



A 



o(p 4 ) 



A 



o( P 4 ) 



2/8 
36 



(s 2 + t 2 + u 2 ), 



E 



A 



o(p 4 ) _ 



4 f io v ' 

i<«<i<5 

36 x - 2 
7i2 2s s v ' 

l<«<i<6 



(3.18) 



In the last case, we used that Za<i<j<fc<6 s ijfc = 2 Xa<i<j<6 s fj for nuil momenta. 

At 0(p®) the matrix elements receive contributions from the 6-derivative contact terms in 
(3.17), but if the dilaton is dynamical — as in the spontaneously broken case — there will also 
be contributions from pole diagrams with two vertices from 4-derivative terms in (3.17). We will 
consider these two cases separately. 

Matrix elements at 0(p 6 ): explicitly broken conformal symmetry 

When conformal symmetry is softly broken by relevant operators, we can regard the dilaton as a 
weakly coupled scalar with the scale / chosen much larger than any other scale in the problem; 
in particular f 2 » 6, so since pole diagrams at order p 6 are 0(6 2 // 4 ) they will be suppressed. 
Alternatively, we can regard the dilaton as a source and in that case there are simply no pole 
diagrams. The on-shell 0(p e ) matrix elements are found directly from the 0(d 6 ) contact terms in 



8 Note that we have dropped 6-derivative terms which do not contribute to the 0(p 6 ) on-shell amplitudes, for 
example ip 3 n 3 <p. We have also dropped quadratic terms ipUl 2 <p and y>D 3 <p which do not influence the amplitudes of 
interest here. 
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(3.17) and they are 



i. w = |?(<> 5 +* 3 +« 3 ) = 2/ 



9Aa 

— g- stu, 



(p 6 ) 3Aa ^ 
A 5 ~ jio Z> 



l<i<j<5 



A, 



o( P 6 ) _ 



3Aa 



/ 



12 



* E 



+ E 

l<i<i<fc<6 



s 3 



(3.19) 
(3.20) 

(3.21) 



1<«<?'<6 

The simplest example of this case is the free massive scalar which we study in Sec. 4. 

Matrix elements at 0(p 6 ): spontaneously broken conformal symmetry 

When the conformal symmetry is broken spontaneously, the dilaton is the corresponding Goldstone 
boson and as such it is a dynamical degree of freedom of the theory. Therefore we must include 
the pole diagrams with dilaton exchanges. For example, the 4-point matrix element receives a 
contribution from the tree-diagram with two 0(p A ) 3- vertices from (3.17). The value of the s- 
channel diagram is 



:S 2 X 



s f b 



f 



12 



(3.22) 



Adding to this the i-channel and u-channel diagrams, it is clear that the contribution from these 
diagrams are local and of exactly the same form, s 3 + t 3 + u 3 , as the contact term contribution 
that gave (3.19). Similarly, the 5- and 6-point matrix elements receive contributions from 2- and 
3-particle channel tree diagrams. We simply list the results 



A A — 



A 



o(p 6 ) _ 



A 



o(p e ) 



3 . b 2 
3 . b 2 



3 . b 2 



f 
2 

Jio 
6 

J12 



stu , 

l<i<j<5 



(3.23) 



(3.24) 



E 

l<j<j<6 



4 + 



Aa - 



8f 



3 

712 



l<i<i<fc<6 



s 3 



4/ 4 / 



2,2,2 
s 12 + s 13 + s 23 



) 



S123 



(«45 + *46 + s 5e) + perms^) . (3. 



25) 



Obviously, for b <C f 2 , the matrix elements in (3.23)-(3.25) reduce to those of (3.19)-(3.21). The 
6-point matrix elements also have terms with poles in s^; the "perms" indicate the sum of 10 



independent 3-particle channels. It is worth noting that the combination 



shows up in 



all three 0(p 6 ) matrix elements. This plays a role in our study of the 6d (2,0) theory in Sec. 7. 
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4 Example of explicit breaking: a free massive scalar 



As the simplest example of explicitly broken conformal symmetry, we take the CFTuv to be the 
6d theory of a free massless scalar $ and deform it with a mass term operator — ^m 2< & 2 . In the 
far IR, the massive field <3? decouples and the CFTjr is trivial with no degrees of freedom. Hence 
a-m = 0. The a-central charge in the UV is that of a conformally coupled 6d free massless scalar, 

«uv = a sc = (47r)32 4 3 4 7 = (4vr)3 9072- (4,1) 

This value was computed in [22] using heat kernel methods. For this RG flow, we therefore have 
Aa = auv - am = a sc - 

Following [10], we introduce the dilaton via the conformal compensator Q = f 2 e~ 2r , where / 
is a mass scale that we choose such that / 3> m. Specifically, we start with 

S = - J d 6 x(^(d<5>) 2 + ^m 2 $ 2 ) (4.2) 

and introduce f2 as a canonically normalized scalar of mass dimension 2 such that the coupled 
action is 

s = - J d 6 x fyd®) 2 + ^{dnf + ^\n<z> 2 ^j . (4.3) 

The model is weakly coupled since the dimensionless coupling A = m 2 / f 2 is small thanks to / S> m, 
and the action (4.3) has a traceless improved stress tensor. For (<J>) = 0, there is a moduli space 
in f2, and the model is conformally invariant at the origin of moduli space where (fi) = 0. When 
Q, acquires a non-zero VEV, (Q) = f 2 , the conformal symmetry is spontaneously broken, and the 
fluctuation p around the VEV, VL = f 2 — ip, is the associated Goldstone boson. In fact, we recognize 
p as the physical dilaton introduced in (3.16). The action coupling p to $ is 

S = -Jd 6 x (^(d<S>) 2 + \(dp) 2 + \m 2 <S> 2 - ■ (4.4) 

Upon integrating out the massive field $, the action (4.4) should yield the dilaton effective 
action. To verify this, it suffices to show that the on-shell ip amplitudes calculated at low-energy 
from (4.3) agree with those of the dilaton effective action, as computed in Sec. 3.6. Thus, taking 
advantage of A = m 2 / f 2 <C 1, we proceed perturbatively and calculate the 4-, 5-, and 6-point 
amplitudes of the dilaton ip from 1-loop diagrams with fields on internal lines, extracting their 
order p 4 and p 6 terms in the low-energy expansion. 

In the action (4.4), p is coupled to only through the cubic interaction term — |A p < I >2 . There- 
fore it is quite simple to calculate the 1-loop dilaton scattering amplitudes. For example, to obtain 
the on-shell 4-point function of ip, we have to sum 3 permutations of the elementary box diagram 



jl234 _ ^4 f d 6 £ 1 

4 J (2iTf (e 2 + m 2 )((e+p l ) 2 + m 2 )((e+p l +p 2 ) 2 + m 2 )((l-p A ) 2 +m 2 ) 

nnnf mrr f hie rliorrvovn onn if c t~\ q t vyt i i ^ o i r\n c noin rf Kmrnmon t~\ o t o m of Qrc tttq nntoin f he: 



(4.5) 

Computing this diagram and its permutations using Feynman parameters, we obtain the following 
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low-energy expansion s,t,u <C m 2 for the 4-point amplitude: 



r 1234 , t-1243 , rl423 
La ~r J-a ~r J-a 



( 4vr )3/8 



S 2 + t 2 + u 2 

720 



m 2 + 



stu 
2016 



+ 0(p 8 ) . (4.6) 



The calculation of 5-point functions requires the sum of 12 independent pentagon diagrams. 
The low energy contribution can be expressed in terms of the 5-point invariants 



A 



o( P 4 ) 



m 



1 



1 



A 



V s 2 - 

/io ( 4vr )3 480 y 



o( P 6 ) _ _L ]_ _l_ 



E 



(4vr) 3 3024 ,/-^." 13 ' 



(4.7) 
(4.8) 



Proceeding analogously to 6-point functions, we find that the sum of 60 independent hexagon 
diagrams has the low energy expansion 



A 



o( P 4 ) 



A 



o(p 6 ) 



m 



1 



1 



V s 2 - 

f 12 (4tt) 3 120 ^ 13 

i<«<i<6 



/ 12 (4vr) 3 3024 ^ ^ 



E 



+ E 

l<i<j<fc<6 



« 3 



(4.9) 
(4.10) 



Let us now compare these amplitudes with matrix elements of Sec. 3.6. The 0(p 4 ) results 
(4.6), (4.7), and (4.9) completely match the matrix elements in (3.18) with a unique and consistent 
identification of b as 



m 



360 (4vr 



:3 • 



(4.11) 



Next, at 0(p G ), the amplitudes (4.6), (4.8), and (4.10) are fully consistent with the dilaton matrix 
elements (3.19), (3.20), and (3.21) with the identification of Aa = l/((4vr) 3 9072) = a sc . This is in 
agreement with the expectation, as discussed below (4.1). 

We conclude that the simple example of a free massive scalar confirms the structure of the 
dilaton effective action derived in Sec. 3. Note that it is a key point in the analysis that / can be 
chosen freely, in particular such that / » m. This ensures that the amplitudes can be calculated 
perturbatively in small A = m 2 /f 2 . Moreover, b 2 /f 4 ~ A 2 ^ 1 shows that the pole exchange 
diagram contributions in (3.23)-(3.25) are 2-loop effects in this example, and they are arbitrarily 
suppressed. 



5 The anomaly from dispersion relations 

One of the most striking features of the approach to the a-theorem in [10] is the use of a dispersion 
relation for the forward 4-point dilaton scattering amplitude. Unitarity then provides a quick proof 
that auv — am > for a general RG flow in d = 4. It is an obvious question to ask if a similar 
approach can work in d = 6. We begin with the 4-point amplitude for an RG flow with explicit 
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breaking, then discuss spontaneous breaking, and finally briefly comment on 6-particle dispersion 
relations. 



Explicit breaking of conformal symmetry 

The low-energy expansion of the 4-dilaton amplitude is given by (3.18) and (3.19): 

b 9 

A A (s,t) = ^(s 2 + t 2 + u 2 ) + ^Aastu + 0(p 8 ). 



(5.1) 



with s + t + u = since the external dilatons are massless. Since Aa{s, 0) = -j^s 2 + 0(s 4 ), a proof 
that Aa > based on the forward limit t — > of the 4-point amplitude cannot be constructed as 
was done in 4d. 

Instead we derive a dispersion relation for the forward limit of the i-derivative of the 4-dilaton 
amplitude, noting that ^A"(0, 0) = ~js Aa, where the primes denote s-derivatives taken at con- 
stant t. We begin with the contour integral 



cue 



ds Aa(s, t) 
i 2iri s 3 



0, 



(5.2) 



where the contours are sketched in Fig. 1. We take t to be small and negative. The integral vanishes 
by Cauchy's theorem because there are no singularities enclosed by the contour. The integral over 
the circle C at s = gives ^A"(s = 0,t). The horizontal contour contains the contributions from 
the s- and u-channel branch cuts. The s— and u— channel branch points are at 4m 2 and —t — 4m 2 , 
respectively. The latter follows from s + 1 + u = 0. (In the example of the free massive scalar, m 
is the mass of the field $.) Equation (5.2) then tells us that 



-A'i(0,t) 



ds 

Am? K S 3 



Im. Ai(s,t) + 



■t-4m 2 



ds 



TT S° 



ImA^s, t) . 



(5.3) 



Crossing symmetry (specifically snuat fixed t) gives Ai{s + ie,t) = A±(- s— t— ie, t), so we rewrite 
the second integral, 



— ,Imi 4 (s,t) = - / 

oo S 6 J 4m 2 



du 



TT ( — t — u) 3 



Im. Ai{u, t) . 



(5.4) 



After a trivial relabeling of integration variable u — > s, we can combine it with the first integral 
in (5.3) to find 



1 



A'l(0,t) 



00 ds 

Am? K 



1 



+ 



1 



{t + sf 



Im Ai(s,t) 



The anomaly coefficient Aa is proportional to the t-derivative of A'l(s = 0,t): 



1 - -Ydt A ^ 



We now use (5.5) to express Aa as the dispersion integral 

2f r°° 



s,t=0 



Aa 



f 

JAr, 



9tt J 4m 2 



ds 



3 2 d 

^lm^ 4 (s,0) - ^— Im^U(s,t)| t=0 



(5.5) 



(5.6) 



(5.7) 



We can learn more about the two terms in the integrand from their partial wave expansions. 
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In (i-dimensions they are [28] 



dA(s,t) 



V>A s 2 ~i f> + \)C*(cos(e))a n (s) 



n=0 

oo 



dt 



t=o 



n=0 



(5.8) 
(5.9) 



with A = (d- 3)/2 and Va = 2 4A+3 vr A r(A). In the second line we used a property of the derivative 
of the Gegenbauer polynomials C^(z). Partial wave unitarity, i.e., lma n (s) > |a„(s)| 2 , implies 
that Im ^,4(5,0) and Im dtAi(s,t)\ t= o are both positive. Unfortunately, they enter the dispersion 
relation (5.7) with opposite signsl 

Thus it is certainly not obvious from (5.7) whether Aa is positive. It therefore becomes instruc- 
tive to compute the integrand of this sum rule in the free massive scalar example. We use unitarity 
to compute lmA4(s,t). Let us denote the incoming and outgoing momenta in A±{s, t) by k\,k,2 
and pi,P2, respectively. 9 Furthermore, we denote the momenta of the two internal on-shell scalars 
by Qi,Q2- See Figure 2. We then define Mandelstam invariants 



s = -{ki+k 2 f 
s = s = -( qi +q 2 f , 
s" = s = -(pi +P2) 2 ■ 



t = ~(h - 
t' = -(h - 
t" = -(Pi 



Pi)' 



u 



<h-P2) 2 , 



u' = -(ki - 
u" = -(pi 



0.2) 

- 92) 



(5.10) 



The internal <5-lines are massive of mass m, while the external dilaton (p- lines are massless. There- 
fore, s + 1 + u = while s' + 1' + u' = s" + 1" + u" = 2m 2 . Using unitarity we can write Im^4(s, t) 
as 



ImAt(s,t) = 



(s - 4m 2 ) 3 / 2 
128(2vr) 4 Vs 



cm 5 A w ^{t', v!) A w ^(t", u"y , 



(5.11) 



where ^5 is the standard measure on S 4 ; it integrates over the spatial direction of the qi in the 
center-of-mass frame. A factor of 1/2 was included to account for identical final states. The two 
subamplitudes A^^ in the bubble diagram of Fig. 2 are simply the tree-level amplitudes 



A w ^(t,u) 



1 



Am 



+ 



4m 



4 1 



m^ 



u 



(5.12) 



It is straightforward to assemble the integrand of the dispersion relation (5.7), 



V{S) EE 



2f 
9tt 



^lm^(a.O) - ^lm^l(s,0) 



and find after numerical computation 

poo 

Aa = dsV(s) 

J Am? 



(4vr) 3 2 4 3 4 7 



(5.13) 



(5.14) 



This is precisely the expected result (4.1); thus it provides a check of our dispersion relation (5.7). 
However, it is instructive to examine the integrand T>(s) more closely. It is plotted in Fig. 3. We 
note that V{s) is positive at small s: this makes sense since we expect the s-wave to dominate 



9 Although elsewhere in this paper we take all momenta outgoing, we work here with in- and outgoing momenta. 
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at low energies. In terms of the partial wave expansion, the s-wave contributes only to the first 
term of V(s). However, the integrand actually turns negative for large s (S> m 2 ). The second 
term in (5.13) thus eventually dominates the first term. However, the large s contributions are 
strongly suppressed and the overall integral is positive. This suggests the following interpretation 
of the positivity of Aa: for the free massive boson, the integral is dominated by the large threshold 
contribution of the s-wave. 

Since the integrand of the dispersion relation (5.7) is not positive definite, it is not obvious 
how one might use it to prove an a-theorem in d = 6. We may further note that even though the 
dispersion relation (5.7) determines Aa correctly, we cannot generalize it to an a-function as was 
done in 4d, see (3.7) of [10]. The reason simply is that the change of sign in the integrand means 
that this putative a-function would not be a monotonic function of the interpolating scale /x with 
4m 2 < < oo. The example of the free massive scalar illustrates this. 

Spontaneously broken conformal symmetry 

We focused on the case of softly broken conformal symmetry, so let us now consider spontaneous 
breaking. In that case, the 0(p 6 ) matrix element is given in (3.23), so (5.1) is replaced by 



M?,t) = ^(s 2 + t 2 + u 2 ) + 



3 A b 2 



j^stu + 0{p 8 ). (5.15) 



The approach above would yield a dispersion relation (5.7) for Aa — not just Aa. Some 
comments are in order: 



1. If the RHS of the dispersion relation (5.7) were always non-negative it would give a stronger 
than needed constraint: Aa — |jj > 0. 

2. It turns out (and we will prove it in Sec. 7) that the 4-point dilaton amplitude actually 
vanishes at 0(p 6 ) on the Coulomb branch of the 6d (2,0) theory; i.e., Aa = Thus it will 
not be possible to prove a general result that the coefficient of the stu-term in the 4-dilaton 
amplitude is strictly positive. This is weaker than the 4d analogue. 

3. We should ask if it even makes sense to require that the coefficient of the stu-term in the 4- 
dilaton amplitude is non-negative. If this were always true, then that places an upper bound 
on b 2 /f A in terms of Aa. This is different from the lower bound placed on coefficients of 
higher-derivative operators, such as those discussed in [29] 
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It is curious to ask whether there is a dispersive sum rule for 6, the coefficient of s 2 + t 2 + u 2 , 
in 6d. This would imply b > 0. This appears to be straightforward, but it is necessary to consider 
the convergence of the dispersion integral J ds Im -^( s '°) a t large s. In d = 6, (2.12) is replaced 
by Im A(s,0) ~ s 3 ~ e with e = 6 — A, where A is the scale dimension of the controlling relevant 
operator, e > 1 is needed to validate the sum rule, while a generic relevant operator only gives 
e > 0. Nonetheless, in the two cases we study explicitly in this paper, the relevant operator has 
A = 4, so e = 2. Indeed we find in both cases b > 0; see Sees. 4 and 7. We note that the 
causality-based argument of [29] appears to yield b > without restrictions on e. 

Sum rules for the 6-point dilaton amplitude? 

The anomaly flow Aa is also captured by the low-energy behavior of the 6-dilaton amplitude. We 
now discuss an attempt to extract a sum rule that establishes positivity. There are difficulties due 
to the more complicated kinematics, analyticity and unitarity properties of six-point functions. We 
will only scratch the surface of the subject here. 

Focusing first on the scenario with explicitly broken conformal symmetry, it follows from 
(3.18) and (3.25) that the low-energy expansion is 



A 



3b^ 

J12 



E 



l<i<7<6 



+ 



3Aa 



12 



E 



J %3 



E 



l<i<j<6 



l<i<j<k<6 



A natural generalization of the forward limit to six particles is 

Pa ->■ ~Pi , Pb -> ~P2 , P6 -> ~P3 



+ 0(p s ). (5.16) 



(5.17) 



In this limit, the 6-point amplitude is characterized by the three kinematic invariants su, S23 and 
S13; we find 



12b 
J12 



2,2,2 

s 12 + ^13 T S 2 3 



+ 



144Aa 



/ 



12 



S12S13S23 + 0(p 8 ) . 



(5.18) 



Now choose a frame in which the spatial momenta kj, j = 1, 2, 3 are coplanar, at angles 9j = 2irj/3 
and with magnitude \kj\ = u)j. It is convenient to take w\ = 0J2 = w to be fixed and consider a 
dispersion relation in U3. The kinematic invariants are then 



S\2 = SiO 2 , S23 = «13 = S\23 = 3cj(w + 2c0s) . 

The 0(p 6 ) contribution to the 6-point dilaton amplitude then takes the form 



2 2 3 3 6 



4q5 



2 4 3 



fV2 u 2 (u 2 + 2u 2 ) + — Aa^| + 0(p 8 ). 



We therefore attempt to compute Aa from the dispersion relation 



Aa = 



f 12 QA 



doJz 



2 7 3 6 duj 4 J 2m col v4(i ^ 3 ' ^ ' 



(5.19) 



(5.20) 



(5.21) 



In the case of the free massive scalar, only two inequivalent branch cuts contribute to this 
dispersion relation when < to <C m: the si23-cut and the (S13 = S23)-cut. The contribution to 
Aa in (5.21) from the si23-cut is not manifestly positive definite, despite the positive factor of 
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\A(1, 2, 3, qi, f/2 ) | 2 that it contains by unitarity. As in the 4-point example above, the reason lies 
in the appearance of derivatives w.r.t. oj in (5.21), which spoil manifest positivity. In fact, the 
integrand of the dispersion relation is again not positive definite in the free massive boson example. 
Our choice of kinematics is therefore not suitable to define a monotonic a- function at all scales. 

It is also useful to consider the case of spontaneously broken conformal symmetry, where 
the 0(p 6 ) amplitude is now given by (3.25). Focusing on the polynomial terms only, one might 
think that the LHS of the attempted sum rule (5.21) now is Aa — However, among the 10 
non-polynomial diagrams in the 2nd line of (3.25), 6 diagrams actually diverge in the forward 
limit (5.17). So this indicates that the forward limit (5.17) is simply not the correct choice of 
kinematics for a sum rule for the 6-particle amplitude. A smarter choice of kinematics may remedy 
the problems we have outlined here. Help in the literature (for example [20]) may be available for 
those with stamina. 



6 Example of spontaneous breaking: 4d J\f = 4 SYM 

The prime example of a 4d theory with spontaneously broken conformal symmetry is = 4 SYM 
on the Coulomb branch. We will study this system from the standpoint of its gravity dual. This is 
a warmup for an analogous study of the 6d (2,0) theory in Sec. 7. 

To set the stage for this discussion, let us take N = 4 SYM on the Coulomb branch by turning 
on a VEV such that the SU(N + 1) gauge group is broken to SU(N) x U(l). At energy scales 
much greater than the VEV, the theory is the N = 4 super conformal theory with SU(N+ 1) gauge 
group; this will be our CFTtjv- In the IR, the massive multiplets decouple to leave a free U(l) 
multiplet and a CFTir which is M = 4 SYM theory with SU (N) gauge group. The U(l) multiplet 
contains 6 scalars; one is the Goldstone boson of the spontaneously broken conformal symmetry, 
while the other five are the Goldstone bosons of the spontaneously broken global R-symmetry 
SU(4) -»• 5p(4). 

The gravity dual of this scenario is the D3-brane configuration in which a single brane is 
separated from a stack of N branes. In the limit of large N, this can be modeled by a D3-probe 
brane in the gravitational background of N D3's, 

ds 2 = r 1/2 £ dx 2 + J 1 ' V 2 + r 2 dQl) , f(r) = 1 + . (6.1) 

i 

In the near horizon limit, f(r) — > 47rgs ^ 3 , and the geometry becomes AdSs x S 5 with AdS-radius 
L 4 = Rg 5 = 47rg s Nlg. Using r = L 2 /z we get the Poincare patch metric, 

r 2 

ds 2 = -2 [r]^ u dx^dx u + dz 2 j + L 2 dQ 2 5 . (6.2) 
The dynamics of a D3-probe brane in the background (6.2) is governed by the DBI action: 10 

Sm = -T D3 |^^(0TT^F-l) = ^ J d'x[-\^ + \^ + 0(d^ . 

(6.3) 

10 Since we are only interested in the dilaton, we ignore motion on S 5 . 
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The D3-brane tension is Td3 = l/((27r) s g s l].). The term following the square root is the pullback of 
the 5-form flux, and the fact that it cancels the zero-derivative term in the expansion of the square 
root is the well known no-force condition. 

The DBI action captures the physics of the dilaton because the U(l) supermultiplet with the 
dilaton lives on the D3-brane. Indeed we will find below that the DBI field z(x), which describes 
the radial motion of the probe brane, is related by a change of field variable to the dilaton t(x). 
When the change of variable is made, the DBI action becomes the dilaton action through 4th order 
in a derivative expansion. First, however, we do something simpler; we compute the low energy 
scattering amplitude directly from the DBI action and compare it with the results found from the 
dilaton effective action in Sec. 3.6. We will learn that the coefficient T^L 4 of the DBI action 
determines the anomaly flow Aa = auv — «IR) at leading order in large N. 

6.1 Matrix elements of the radial mode on the D3-brane DBI action 

To calculate scattering processes, we perform a field transformation from z to 4> via z = Le T and 
e~ r = 1 — |. This gives 

S D3 = /^(-^W) 2 + ^W) 4 + -.). (6.4) 
The kinetic term is canonically normalized if 

f = T m L 2 . (6.5) 

The 4-point matrix element is then 

= ^( S 2 + t 2 + n 2 ). (6.6) 

Comparing this with (2.9), we have 

Aa = ^6- = 32^- (6 - 7) 

The a-charge of N = 4 SYM (in the large N limit) is a = iV 2 /(647r 2 ) [26] , and therefore 

TV 2 _ (ft _ i)2 N 
Aa = a uv - «m = = ^ + O(N ) . (6.8) 

This matches precisely the result (6.7) of the probe brane action to leading order in large N. 

The field redefinition above (6.4) indicates a relation between the radial mode z and the dilaton 
r. However, if z = Le T is plugged into the DBI action (6.3), we do not recover the off-shell 4d 
effective action (2.5). We must be more careful in identifying the dilaton, and this requires a closer 
examination of the symmetries of the DBI action. Since the following analysis is also useful for our 
6d analysis in the Sec. 7, we carry it out in general d-dimensions. 
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6.2 Symmetries: bulk diffeos and brane Weyl transformations 



The DBI system describes the motion of a probe Dp-brane with world volume coordinates £ a , a = 
0, . . . ,p in a background spacetime with coordinates X M , M = 0, . . . , d with d > p. We will take 
the background to be AdS p +2 with metric gMN(X). The DBI action involves the induced metric 
on the brane: 

Q X M i)X X- 

9MN ~~ oTfT" ' ( 6 - 9 ) 



where T p is the brane tension. In this general form, the symmetries consist of independent dif- 
feomorphisms of the £ a and the X M . For most purposes it is useful to gauge- fix the diffeos of 
the £ a , and we use the familiar static gauge condition: £ a = X a , a = 0,...,p. We choose the 
Poincare patch metric on AdS with radial coordinate z, but unspecified transverse coordinates 
X^ — > x M , fj, = 0,...,p, thus the line element 

T 2 , s 

ds 2 = \g^{x)dx fl dx u + dz 2 j . (6.10) 
The DBI action that determines z(x^) then becomes: 

Sdbi = ~T p j d p+1 x^^l+g^d^zd u z. (6.11) 

Ultimately we will take the standard Poincare patch metric with g^ v {x) — > r]^, but we wish to 
study a symmetry of the general form (6.11) which will turn out to be closely related to Weyl 
invar iance. 

For this purpose we note that the form (6.10) of the AdS line element is preserved by the 
following variant of the well known Penrose-Brown-Henneaux-Fefferman-Graham diffeomorphism 

<W = -^«V"ft/ff, 5 a z = az. (6.12) 

The transverse metric varies as 

= 2a + ^(Dpdv + Dvdja, (6.13) 

which consists of a Weyl transformation plus diffeomorphism. This is not quite a symmetry of the 
brane action (6.11) because the static gauge condition is violated. Instead, one can verify that 
(6.11) is invariant under the infinitesimal variation (6.13) combined with 

5z(x) = a{x)z{x) + ] 2 {z{x)) 2 g^{x)d^{x)d u z{x) , (6.14) 

which now includes the pullback of the diffeomorphism 8 a x^ to the brane. This symmetry of Sdbi 
in static gauge is the extension to a general brane metric g^vix) of the argument of Sec. 2 of [30] 
that the DBI action with Cartesian Poincare patch coordinates (i.e., g^ u — > rj^ u ) is invariant under 
global special conformal transformations. 

There is a general AdS/CFT relation between radial evolution in AdS spacetime and RG flow 
in the dual field theory which suggests that there should be a change of radial coordinate which 
relates z(x) to the dilaton field r(x). As the first step to implement this idea, we pose the tentative 
relation z(x) = Le r( - X \ It is clear that the Weyl transform 5t = a produces the first term of (6.14). 
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However, this is not enough; we must correct the tentative relation by adding terms involving 
derivatives of r to make 5t = a produce (6.14) exactly. When this correction is implemented to 
the appropriate order in derivatives, the DBI action, expressed in terms of r, becomes the dilaton 
effective action! 



6.3 From z(x) to t(x) 

We write an ansatz for this relation between the radial mode z and the dilaton r as 



L e T + L d 



3 „3r 



on Dt + a 2 (dr) 2 + a 3 R + 0(8 



(6.15) 



Our aim is to find relations among the dimensionless constants aj such that a Weyl variation of 
the RHS of (6.15) matches Sz(x) of (6.14). We work consistently to second order in derivatives in 
this section and consider higher order corrections in Sec. 7. Keeping only terms up to second order, 
(6.14) can be written as 11 



Sz 



az+\L 3 e^d^Td^a + Oid 4 ). 



(6.16) 



To second order in derivatives, the variation of the RHS of (6.15) may be calculated using 
St = a and the Weyl part of (6.13). To calculate it we note that 



<5(e 3T DT) = e 3r [aDT + Da + (d-2)dT-da]] , 
S(e 3T (drf) = e 3r [a (dr) 2 + 2dr ■ da] , 
j( e 3 ^R) = e 3r [aR- 2{d - l)Qr] . 
Inserting these results in (6.15), we find 



(6.17) 



branc 



az + L 3 e 3T 



(ai(d - 2) + 2a 2 )dT ■ da + (<*i - 2a 3 (d - l))Da] + 0{d A ) . (6.18) 



The two expressions (6.16) and (6.18) match if we impose the constraints 

1 



«3 



2(d 



d-2 1 

-on , — ^— ai + a 2 = - 



(6.19) 



This will play a role in our analysis of both the D3-brane and the M5-brane effective actions. 
In both cases, we will be working with a flat metric on the brane, so the curvature term with 
coefficient a 3 in (6.15) vanishes and all covariant derivatives become partial derivatives. Using the 
second condition of (6.19) we find the net result 



Le T + -L 3 e 3r Q + 0(d 4 ) 



with 



Q= [(drf + Aai {Dr - ^ (dr) 2 ) 



(6.20) 



Note that when then (i-dimensional EOM of r is imposed, the dependence on ct\ drops out com- 
pletely and we are left with a much simpler expression. We will use the result (6.20) in the analysis 
of a probe brane in the AdSs and AdSj backgrounds. 



"Note that the presence of the z 2 -term in (6.14) means that the derivative-expansion (6.15) does not truncate at 
finite order and the change of variables from z to r is therefore non-local. 
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6.4 Matching the D3-brane DBI action and S^t] 

The D3 probe action in the AdS background (6.2) was given in (6.3). Now we use the relation 
(6.20) between z and r: expanding and keeping only 4-derivative terms we find 



(dz) 4 



z 



4 



(dr) 4 + 0(d b ) , (6.21) 



= ^- 2 (dTfe-^- l -pT-(dTf]Q + 0(d & ). (6.22) 
In the last line we used partial integration. Inserting the expressions above into (6.3), we find 



5 D3 = / d'x {-\f{drfe^ + ^ [2(Dr - (drf)Q + (drf] + 0(d 6 )) , 



(6.23) 



where we have identified the dilaton decay constant / as in (6.5). We substitute Q from (6.20) and 
find 

Sm = J d*x (- l -f\ dT fe-* + aiTm L\ur - (drf) 2 + ^^(drf^Ur - {drf) + 0(d 6 )) . 

(6.24) 

Lo and behold! Our reader will recognize this as the off-shell dilaton effective action (2.5) with 
a = and k = aiT^L 4 . Note that the constant a.\ that remained undetermined by the bulk-brane 
symmetries in the previous section is proportional to the coefficient of the i? 2 -term which vanishes 
on-shell. 

By comparison to (2.5), the coefficient of the last term of (6.24) is 2Aa, so we have 

Aa = -L6- = 32^3 • ( 6 - 25 ) 

using Td3 = l/((2-ir) 3 g s ls) and L 4 = Airg s Nl^. As discussed previously, this matches the expected 
value. 

The DBI action is itself an effective action, and the fact that it produces the dilaton effective 
action correctly up to order 0(d A ) is an indication that the DBI action captures correctly the 
4-derivative terms of the brane-dynamics (see for example [31] and references therein). 



7 Example of spontaneous breaking: 6d (2,0) theory 

At large N, we can study the Coulomb branch of the 6d (2,0) theory by placing an M5-brane in 
the background of N M5-branes. The geometry is 

ttN£ 3 

ds 2 = h- 1 / 3 dxl d + h 2 / 3 (dr 2 + r 2 dnl), h(r) = l + —^. (7.1) 

The near-horizon limit takes h(r) — > 7rN£ 3 /r 3 , and we find the near-horizon geometry AdS7 x S 4 . 
Poincare coordinates (6.10) are obtained from r = L 3 /(4z 2 ). 
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The 6d DBI action is 

-6 



Sbbi = -T M5 J d 6 x ^(y/i + (dz) 2 -l) 

. _ rM5i e /A (W_W + ^ +0(88) ), ( , 2) 

where the M5-brane tension and the AdS7 radius are 

T M5 = , L = 2R S , = 2(vriV) 1 /3£ p . (7.3) 

As in the 4d case of J\f = 4 SYM we compute Aa in two different ways. First by matching the 
matrix elements of scattering of the radial mode of the DBI action to those of Sec. 3.6 and then by 
matching the DBI action (7.2) to the 6d dilaton effective action. 



7.1 Matrix elements of the radial mode on the D3-brane DBI action 

4 
f 



To calculate matrix elements, we introduce <t> via z = Le T and e 2t = 1 — 4z- The result is 



Tm5L6 (^) 6 + 0(^,5 8 )). (7.4) 



2 10J12 

From (3.14) we identify 

f = \T M5 L 2 . (7.5) 



The 0(p 4 ) matrix elements are found directly from the contact terms: 

2 6 / 8 



jOtf) = 7 ^ {s 2 + t 2 + u 2 ), 



4 

2 



,0(p 4 ) 3Tm5-^ 

5 ~~ 27 f 10 Z_> S ^ ' 

i<j<j<5 

^oy, _ 37^ E 4 (?6) 

i<*<i<6 



These are completely consistent with the matrix elements in (3.18) and identify 

T M5 L 4 b 2 N 2 



(7.7) 



2 5 / 4 2 7 vr 3 ' 

Simple inspection makes it clear that the action (7.4) does not produce any 4- and 5-point 
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matrix elements at order 0(p 6 ): 

= 0, A°^ = 0. (7.8) 

Comparing that with the matrix elements (3.23) and (3.24) shows that [§Aa — jj] must vanish; 
with the help of (7.3) and (7.5) this fixes the change in the a-charge to be Aa = 26 2 /(3/ 4 ) which 
by (7.7) is 

N 2 

Ao - m?- <7 - 9) 

This is in fact the correct value at large N. Indeed, the a-charge of the 6d (2,0) theory was found 
by [22] to be a = iV 3 /(5767r 3 ) for large iV. 12 Therefore 

Ar3 _ (TV - l) 3 N 2 , 
«uv - ™ = ^ = ^ + "(A' 1 ). (7.10) 

It is worth noting that the match of the on-shell matrix elements required that the dilaton was 
dynamical: the tree-level exchange diagrams were responsible for the b 2 / f A terms in the matrix el- 
ements (3.23) and (3.24), and without them the DBI matrix elements could not have been matched. 

We have determined Aa, but for consistency it is also instructive to compute the 6-point DBI 
matrix element at 0(p 6 ). The DBI action (7.4) produces a local term from the 0(d 6 ) contact term 
as well as a non-local term contribution via the pole terms constructed from two 0(d 4 ) 4-vertices. 
The contact term gives 



- -*^(s 12 s u s 56 + Perms) = -^(2 £4" £ 4,). (7.11) 

l<i<7<6 l<i<j<k<6 



The value of the pole diagram constructed from two 4-vertices of the action (7.4) is 

T 2 L 8 1 // \ — 1 / \ \ 

pole-diag = -^j4rj^[[s 2 12 + s 2 13 + s 2 23 -si 23 J x — x ^ 2 5 + S 2 6 + s 2 6 -s 2 56 J +permsj . (7.12) 

This contains both local and non-local terms. The result of adding all permutations is 

pole-diag = -^f^y^ (( S 12 + S 13 + ^23) x ~ x ( s 45 + s 46 + 4e) + perms^) 

+j MM 2 ^ e (r - i3) 

With the help of (7.3) and (7.5), we have 

T M5 L« = 2 -^, %^=4T M5 L 6 = ^. (7.14) 

When these values are used above, we find that the Xa<i<j<6 s 3 j-terms in (7.11) and (7.13) exactly 



"Corrections subleading in N were studied in [32]. 
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cancel and we are left with the final result 
N 2 1 



A oip6) = 



2 10 7T 3 f 12 



« 3 



l<i<j<k<6 



N 2 



/" 1 / / 2 2 2 \ 

^3 712 ^ S 12 + S 13 + s 23j 



2 9 7T 3 / 



— x (s| 5 + s| 6 + s 2 ^) + perms) . (7.15) 
S123 7 



Let us compare this with the result (3.25) from the dilaton effective action. The coefficient of 
the Sy-terms in (3.25) is [|Aa— jj] , so by the discussion above (7.9), it vanishes. This is consistent 
with the absence of Sjj-terms in (7.15). Next, the coefficient of the s^-terms in (3.25) is 



Aa- 



562 
W A 



3 

712 



N 2 



5 N 2 



1927T 3 8 2 7 7T 3 



3 

J12 



N 2 



2 10 7T 3 



(7.16) 



It matches the coefficient of the Sjjfc-terms in (7.15)! Finally, the coefficient of the pole term in 
(3.25) 

is jj¥ jn — 2^3" JT2"- Again, this matches the pole term coefficient of (7.15) perfectly. 



7.2 Matching the M5-brane DBI action and S e ff[r] 

We have seen that the matrix elements of the radial mode exactly match those of the dilaton. In 
this section, we identify the dilaton r from the radial mode z. The strategy is simply an extension 
of the analysis described in Sees. 6.2-6.3 and applied to the 4d D3-brane action in Sec. 6.4. 

The starting point is to extend the derivative expansion (6.20) of z in terms r as 

z = Le T + ^L 3 e 3r Q + L 5 e 5r W + 0(<9 6 ) . (7.17) 
with Q given in (6.20) and 

w = /3 1 n 2 r + /3 2 (nT) 2 + /3 3 (9aT) 2 + /34(V)(^ & ) + / 3 5(nT)(ar) 2 

+/5 6 {D»d v T d^r 8 u t) + (3 7 (3r) 4 + 71 (DR) + 72 (Dt)R + 73 {D^ v t)R^ 

+74 (d^T)d^R + 75 {dr) 2 R + 76 (9 /1 r)(^r)i?^] . (7.18) 

The constants and 7^ are dimensionless. Note that the 7j-terms vanish in the flat-space limit. 13 

Next we vary the RHS of (7.17) under a Weyl transformation 5t = a and 5g^ u = 2a and 
require that it matches 5z in (6. 14). 14 This determines a set of relations among the coefficients. 
Six of these fix the 7, in terms of the ft; these do not really concern us since we are interested in 
the flatspace limit of (7.17) which is independent of the 7j-terms. In addition, however, there are 



13 Thcre is no need to include R 2 or _R MJ/ _R M " because we consider linearized transformations around a flat back- 
ground. Note also that we did not include a the term d tl TD v R} 11 ' because it is equivalent to the term d^rd^R by the 
Bianchi identity. 

14 One can show that the second term in the metric transformation (6.13) is actually not important for our argument 
since it only shifts the constants Si, B 2 , and B 3 . So we simply drop it. 
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four more relations which we write 



« 2 = f(4/3 5 -/3 6 + 4/3 7 ), 

Pi = ^ + ^3-^4-^6, 

h = + (7.19) 

This can be written more systematically to express «2 and /3i,2,3 in terms of ,#4,5,6,7, but the above 
form is more useful for us. 

To conclude, diffeo/Weyl symmetry does not fix the relationship uniquely between the dilaton 
r and the radial mode z, not even in the flat space limit. We have to carry the undetermined 
constants along when we compare the DBI action (7.2) to the dilaton effective action. For this 
comparison, we need the dilaton effective action in a form that includes the Weyl-invariant 4- and 
6-derivative terms discussed in sections 3.2, 3.3, and 3.4. Let us write it as 



f A-i Ao 
■> eS = I a-x v-5 I - — R+ — R 2 + — RavR?" 

' • 10 100 2 ' 



+ Io5 R + ToS R R ^ R>XV + i^ RnR ) +Aa SEnler ' (7 ' 20) 

with ^Euier in the form given in (3.11). Explicit expressions for the Weyl invariants can be found 
in App. A. 

The next step is to use the flat-space version of (7.17) for z in terms of r in the DBI action 
(7.2). If one does this for general /3j, then one finds that coefficients A{ and Bi are fixed in terms of 
the ^ and, in addition, the must satisfy the first three relations of (7.19) and Aa is fixed to take 
the value (7.9). Curiously the symmetry constraints relating z and r requires the four relations of 
(7.19) while the match of the DBI and r effective actions requires only three. All in all, this gives 
a consistent illustration of how the dilaton effective action arises from the M5-brane dynamics. 



8 Summary and Discussion 

The main goal of this paper was to explore the extension of the dilaton-focused approach to the a- 
theorem of [10,11] to d = 6 dimensions. Toward that end, we constructed the low-energy expansion 
of the dilaton effective action S e s[g, r]. It is striking how symmetries of S e s in a general background 
metric determine the low energy dynamics of the dilaton in flat space, which is summarized in (3.14). 
The trace anomaly fixes the 6-derivative terms, and, as a new feature in d = 6, there is a 4-dilaton 
term which descends from a Weyl invariant in curved space and does not vanish on-shell. 

In Sec. 3.6, we tabulated the on-shell matrix elements of S e g at 0(p 4 ) and 0(p 6 ). Their structure 
differs in the two cases of RG flows with explicit or spontaneous breaking of conformal symmetry. 
In the spontaneously broken case, the dilaton is a degree of freedom of the low-energy theory. The 
effective action generates tree diagrams in which the dilaton is exchanged on internal lines. This 
complicates the extraction of the anomaly flow Aa, as discussed in Sec. 5. For explicit breaking, the 
dilaton is introduced as a conformal compensator and it can be regarded as an arbitrarily weakly 
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coupled scalar. Hence one can suppress diagrams with internal dilaton lines (or alternatively regard 
the dilaton as a source). 

The matrix elements embody the characteristic low-energy structure associated with broken 
conformal symmetry in d = 6. It is a structure which can be tested in examples of RG flows. 
Such models are not easy to find, but we have studied two models, namely the free massive scalar 
field as an example of explicit breaking and the (2,0) theory at large N as an example of spon- 
taneous breaking. The low-energy structure of dilaton amplitudes is confirmed in both cases and 
we reproduce the values of Aa = ouv — «m obtained by more conventional methods. The (2,0) 
theory is treated holographically, and we show that the low-energy scattering amplitudes of the 
radial mode in the DBI action of a probe M5 brane in AdS7 x S 4 agree perfectly with those of 
the dilaton. The diagrams with internal dilaton lines mentioned above make crucial contributions 
in this example. Indeed, a field redefinition is shown to relate the DBI action to S^r] at orders 
0(d 2 ), 0{d A ) and 0(<9 6 ). To our knowledge, it was not known in the literature if the DBI action 
would capture correctly the dynamics of a M5-brane at these orders of the derivative expansion, 
but our calculations indicate that it does. 

It is useful to bring weakly relevant RG flows into the discussion even though we did not study 
them explicitly in this paper. In [11], the dilatonic formulation of the a-theorem for weakly relevant 
flows was checked by direct computation in d = 4, and that treatment is easily extended to higher 
dimensions. Thus the formulation of the a-theorem of [10] does extend to d = 6 in three distinct 
models. We know no counter-examples. 

One may hope for a general proof of a 6d a-theorem, and it is natural to try to extend the 
dispersive approach of [10] which is based on causality, crossing symmetry, and unitarity. Here 
we encounter a difficulty. In d = 6 the anomaly term in the 4-point dilaton amplitude vanishes 
in the forward direction, see (5.1), so the optical theorem cannot be used directly to establish 
positive anomaly flow Aa > and it does not lead to a monotonic a-function. We do derive and 
check a dispersive sum rule for Aa, but the integrand is not positive definite. It is possible that 
a general proof of the a-theorem in d = 6 can be obtained by studying the 6-point amplitude. In 
the case of spontaneously broken RG flows, another complication in a general approach is that 
the anomaly coefficient must be disentangled from effects of the Weyl-invariant 0(p 4 ) term, as the 
matrix elements in (3.23)-(3.25) indicate. 

We comment briefly on the structure of the dilaton effective action and its matrix elements 
in higher even dimension. Here a new feature appears. For example, in d = 8, there is a Weyl 
invariant counterterm of the form {R^ U R^ V ) 2 , which contributes to dilaton amplitudes at the same 
order, namely 0(p 8 ), as the Euler anomaly term. Another fact is that in d > 6 the anomaly 
does not contribute to the 4-point dilaton amplitude in flat space. The higher-d extension of the 
construction of App. B shows that the anomaly term contributes to n-point dilaton amplitudes 
only for n > (d + 2)/2. Thus one would have to face the complicated analyticity of multi-point 
amplitudes to establish an a-theorem. 

As noted in the introduction, considerable support for the general a-theorem appears in the 
AdS/CFT correspondence [7,6,8,9]. One of the advantages of investigating RG flows in a holo- 
graphic framework is that the results are readily extended to arbitrary dimensions. In particular, 
the analysis of holographic RG flows identified a certain quantity satisfying an inequality analogous 
to eqs. (1.1) and (1.4) for any dimension, that is, for both odd and even numbers of spacetime 
dimensions. Since there is no trace anomaly for odd d, a new interpretation was required. Ref. [8] 
identified the relevant quantity as the coefficient of a universal contribution to the entanglement 
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entropy for a particular geometry in both odd and even d. These holographic results then mo- 
tivated a generalized conjecture for a c-theorem for RG flows of both odd- and even-dimensional 
QFT's. For even d, this new central charge was shown to precisely match the coefficient of the Euler 
trace anomaly [8]. For odd d, it was shown that this effective charge could also be identified by 
evaluating the partition function on a ci-dimensional sphere [33] and so the conjecture is connected 
to the newly proposed F-theorem [34,35]. It would also be interesting to apply the new insights 
of [10,11] to this question in odd dimensions. 
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A Useful formulae 

Curvature 

The following relations fix our curvature conventions and are also useful in our calculations: 

D^R^vpa = D p R ua — DfjRyp , D^Rp V = ^d u R, (A.l) 

R^ x DpR upaX = \d u (R^ x Rpp aX ) , [□, dp]r = Rp v d u r . 

We also include the definition of the Weyl tensor, which depends the spacetime dimension d, 

2 2 
Wp Vpa = Rpi/pcr - {gp[ p R a ]u ~ 9u[ P R<t]ix) + ^_ 2){d- 1) Rg ^ p 9a ^ " ( A ' 2 ' ) 

Weyl transformations 

It is useful to record the Weyl transforms of the quantities we will encounter. Under the Weyl 
transformation (2.1), the metric and frame field transform as g^ u — > e 2a g^ v and ep[ — > e a ep\. (The 
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frame field formulation will be useful in the next appendix.) Thus we have 
-> YP c + 5Pd a a + 5Pd v a-g V(J dPa, 

+SP {3 a ad v a - (da) 2 g ua ) + dfad^ag^ - (/i o !/)] , (A.3) 

iV -> R^-id- 2)D lx d a a -D< , d p ag IM7 + (d-2)(d lx ad (7 a)-(d- 2) {da) 2 g^, 
-> e' 2a [R-2(d-l)D p d p a - (d - l)(d - 2){da) 2 } . 

Energy-momentum tensor 

Our normalization for the energy-momentum tensor is 

T (A 4) 

where W is the effective field theory action. Given this definition, it is straightforward to see that 
under a (small) Weyl transformation (2.1), the effective action shifts as 

W(e 2 °g) = W{g) + j d d x^g~a (T%) g + 0(a 2 ) . (A.5) 

With these conventions, the central charges in (1.2) are a = l/(360(47r) 2 ) and c = l/(120(4-7r) 2 ) for 
a free real conformally coupled massless scalar in d = 4. 

Euler density 

The Euler density in d = 2p dimensions is defined as the top form 

E 2p = ^e aibia2b2 ... apbp R a ^ A R a ^ A • • • A R a ^ , (A.6) 

where R ab = R at ' M „ dx^ A dx u is the curvature 2-form. It can also be written as the scalar 15 

Eo — — S^ 1 1/1 ^ p Vp R ait>1 ■■■ R a P b p (A 7) 

The anti-symmetric Kronecker product with mixed coordinate and frame indices is defined by 
antisymmetrization of the inverse frame field, viz. 

52 U „V" 7 = n\& ...e'V (A.8) 
It contains n\ terms with coefficients ±1 and satisfies the contraction identity 

When E2 P is integrated over a compact Euclidean 2p-dimensional manifold, the result is a 



3 Note that the product \/—g is Weyl invariant. 
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topological invariant. Evaluating (A. 7) for d = 2 simply yields E2 = R, while for d = 4, one finds 
E 4 = R^paR^ - ±R lw R» v + R 2 = W^W^P* - 2R iXV R» v + *R 2 . (A.10) 

In the second line, we have used eq. (A. 2) to eliminate the Riemann tensor in favour of the Weyl 
tensor. Similarly, for d = 6 (the case of the most interest here), eq. (A. 7) can be written as 



(A.ll) 



+\w^ pa W^R + 3W^ pa R^R™ + \r%R\R\ - ^Lr^R^R + ^R 3 . 

With this explicit expression, we see that only the last three terms survive if Eq is evaluated on a 
Weyl-flat background — and we recover the result given in eq. (3.1). 

Dilaton kinetic term 

Terms in the dilaton action which are invariant under Weyl transformations and diffeomorphisms 
can be obtained from any integrated curvature invariant by replacing g^ u — y g^ u = e 2r gp,v 

For 

example, the dilaton kinetic term used in the text is given in d-dimensions by 



(d-2)f 



d-2 



"I) 



d a x^-gR 



(d~2)f 



f 



8{d 

d-2 



^— J d d x^ge~ (d ~ 2)T [R+{d- 2){d - l)(3r) 2 ] 
J d d x^c 



d d x {d^f . 



(A.12) 



In the second line we introduce the field Q, and in the last line we take the flat limit and express 
the action in terms of the canonically normalized scalar ip. These fields are related by 



f2 = exp 



d-2 






-( 


2 \ 





1 



<p 



f(d-2)/2 



(A.13) 



It is ip that is used in calculations of flat space scattering amplitudes of the dilaton. Note the 
equivalence of the flat space equations of motion 



□r = d - 2 (Or) 2 , D(p = . 



(A.14) 



6-derivative Weyl-invariant operators in d = 6 

We list results for the flat space limit of the three independent invariants discussed in Sec. 3.3. 
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Multiple partial-integrations have been performed to simplify the expressions. 



g R R^ u R^ u 




gROR 




>T) 2 (ddr) 2 



(A.15) 



(A.16) 



(A.17) 



Note that the obvious contractions are left implicit in our notation above, for example (Or) 4 = 
(d^rd^r) 2 and (ddr) 2 = d^d v Td ii d v T. 

B The Euler anomaly functional for d = 6 

The purpose of this appendix is to derive a local diffeomorphism-invariant action S'Euicr of the 
dilaton and metric such that a Weyl transformation (2.1) generates the Euler term in = aE§ 
via 



where the Euler density Eq is explicitly given in eq. (A. 11). The starting point is the action 



Its "direct" 5t variation produces the desired expression (B.l), but there is more. The "indirect" 
variation 5R ilu pa in 5Sq produces unwanted terms. Therefore we must add additional terms to Sq 
in order to satisfy (B.l) exactly. 

We have computed SWicr by two related methods: 

Method 1. Develop the necessary additional terms Si using infinitesimal Weyl transformations. 
One works iteratively to fix Si + i by requiring that its direct variation cancel the indirect 
variation of S{. The method is reminiscent of the old Noether method in supergravity con- 
structions. 

Method 2. Compute the change in Sq under a finite Weyl transformation and apply the Wess- 
Zumino method to determine the additional terms needed to cancel it. 

We begin by discussing the first method in more detail because it appears to be new. 

Method 1: infinitesimal Weyl transformations 

We describe the first few steps of the iterative procedure and then set the interested reader loose 
to complete it. After partial integration (easily done because the derivative of the curvature tensor 
vanishes by the Bianchi identity) we find the indirect variation of (B.2) 




(B.l) 




(B.2) 




(B.3) 
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To cancel (B.3) we introduce the new term in the action 

3 



S '= 4 



/ <fzV=9SZZ X 0'Td X T ffV*°V . (B.4) 



The sum of its direct variations d\ 5t = d\a and (with partial integrations) D e Sr = D e a gives the 
desired cancellation. The indirect (i.e., 5R cd pu ) variation of S\ is 

5Si,ind = -6 J d 6 x^g 5^ e \\ D c t (D d d p r)d a a R a \ v . (B.5) 

Note that there is no net variation of the metric and frame fields in HV~9 e£T ^abcde X )- 

We need a third term in the action containing 3 r fields with 4 derivatives and one curvature 
tensor to cancel (B.5). The form 

S 2 = 4 J cfx^-g D c t {D d d p r)d a T 6%% R a \ v (B.6) 

is appropriate, and we fixed the coefficient using partial integration to show that the direct variation 
contains 3 identical terms. 

The indirect variation of S 2 has two parts, dS 2 ,SR from varying the curvature tensor and 6S 2 ,sr 
from varying the connection in D d d p T = e dX (d\d p T — T^ x d a T): 

SS 2 , SR = -48 J ' d & x^gD c Td u T(D b d p r)5^ c p D a d p a, (B.7) 
SS 2 , S r = -4 J d^x D c r 8 a r e dX (d x rd p a + d x ad p T - g Xp 8t ■ da) 5^ R a \» 

= 48 J d 6 x^G^d p Td u Tdr-da, (B.8) 

where G^ v = R^ u — \g^ v R is the Einstein tensor. The last expression is straightforward to derive, 
but it requires a lot of graphite. 

To cancel 5S 2j $r, we need a new term in the action with 4 r fields and 6 derivatives. The term 

S 3 = 12 J ' d & x^-g5 u b %D c T(D d d p T)d (T TD b d v T (B.9) 

- -24 J d 6 x^g-{(UT) 2 - D^d v rD p d v r - X -R» v d p rd u r) (drf (B.10) 

has the right structure. The second form follows after (somewhat tricky) partial integrations. The 
form of the variation (B.8) suggests another term in the action, 

S 4 = -12 J (fx^G^d p Td v T{d p Td p T) . (B.ll) 

It requires some creative algebra, calculus, and differential geometry (the Ricci identity) to show 
that the direct variation of (B.9) and (B.ll), with the coefficients given, cancels all terms encoun- 
tered in processing (B.7) and (B.8). 

The next steps, left for the reader, are to compute the indirect variations of (B.9) and (B.ll) 
and to show that the entire process terminates (Hallelujah!) after two more terms are added to the 
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action: 

5 5 = 36 J d 6 x^n T (dT) 4 , (B.12) 

5 6 = -24 J d 6 x V=5 {drf . (B.13) 

The full action is the sum of the seven terms So,.. . ,Sq. In flat spacetime it reduces to the 
dilation action 

S„ = J <fx[- 24(Dr) 4 + 24(ddT) 2 (dT) 2 + 36 Or {drf - 24 {drf} . (B.14) 
It agrees with the flat space limit of (B.17) below. 
Method 2: Wess-Zumino trick 

If one couples a CFT to an external metric g and integrates out the CFT, one obtains a non-local 
effective action W(g), which is the generating functional for correlators of the energy- momentum 
tensor. The presence of an anomaly A(g) manifests itself as the non-invariance of W(g) under 
Weyl-transformations. Using (A. 5), we have 

SaW{g) = J d d xV^g-a(T%) g = J d d x^g~ a A{g) . (B.15) 

A is a local scalar expression composed of the curvature and covariant derivatives. A vanishes in 
odd dimensions 

Wess and Zumino [24] developed a method to integrate the anomaly. They introduced a scalar 
field (Goldstone boson) for each anomalous symmetry generator and the resulting effective action 
is the one relevant for the situation where the (anomalous) symmetry is spontaneously broken. For 
the Weyl anomaly the Goldstone boson is the dilaton r and the Wess-Zumino procedure leads to 
the dilaton effective action in the background of the external metric (for a derivation see [23]) 

S(T,g) = dt J d d x^TA(e- tT g) (B.16) 

The integration of the Weyl-invariant terms in A are trivial while the integration of requires 
some work. We are interested in d = 6 for which we find 

Seu\ct(t, g) = —a J d 6 x^g~(rE 6 + URPprxlV^dnTdvT - SR^ R^paidr) 2 

-24R^ ua R pa d^r d v T + UR^R^dr) 2 - 24R^R% d^r d v r + YlRR^d^r d u r 
-3R 2 (dr) 2 - mRr^D^dpTduTdaT + WR^D^t (dr) 2 

-mR^d^T d p T D p d u T + 8R d^T d v r D^d u r - 8R (dr) 2 Dr (B.17) 
+16R^ u d^T d v T Dt + 6R (dr) 4 

+24(dT) 2 {D^d u T)(D fl d u T) - 24(ar) 2 (Dr) 2 + 36Dt(<9t) 4 - 24(dr) 6 ) . 

One immediately sees that it reduces to (B.14) in flat space where only the last line survives. 
To arrive at (B.17) we have used the transformation rule of the Riemann tensor under a Weyl 
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transformation and various integrations by parts so as to end up with an expression without any 
non-differentiated r. Note that the WZ procedure guarantees a priori that the dilaton action 
contains only a finite number of terms. 

Paneitz operators and Q-curvatures 

There is a third approach [36] to construction of S^uier usm g the mathematical formalism of Paneitz 
operators [37] and Q-curvatures [38]. The utility of this approach is that it makes clear that for any 
(even) spacetime dimension, the anomalous action can be reduced to the form J d d x r □ d / 2 r in flat 
space, as found in (2.6) and (3.13) for d = 4 and 6, respectively. This facilitated the computation 
of the matrix elements in Sec. 3.6. Writing the interactions in this way is a general feature of 
the dilaton action because of the existence of the Panietz operators P k , a family of conformally 
invariant generalizations of the d'Alembertian [37,27]. The first of these, 

is simply the wave operator of a conformally coupled scalar. Similarly for higher /c, 16 P k is 
constructed in terms of covariant derivatives and curvatures, however, by design in flat space, 
Pk — > (— n) k . Under conformal transformations (2.1), they transform simply with 

P k (e 2a g) = e- {d/2+k)cT P k {g) e W2 - k)a . (B.19) 

Just as the dilaton kinetic term (A. 12) takes the form of the conformally coupled scalar, which 
involves Pi, the higher order Weyl-invariants can be written using P k , e.g., 



x^gtt a P k Sl a , (B.20) 



where a = (d — 2k) /(d — 2). This discussion can be extended to include anomalous Euler term 
but the latter requires introducing the Q-curvature [38]. They are scalars which are built from 
curvatures and covariant derivatives such that 

e da Q d {e 2 °g) = Q d {g) + P d/2 (g) a , (B.21) 

i.e., the inhomogeneous term is linear in a. Observe that Q2 = \R- 

C 2d CFT: the Dl/D5-brane system 

The D1/D5 system is one of the best known example of AdS3/CFT2. We consider N§ D5 branes 
wrapped on S* 1 x M4, where M4 is T 4 or K3, and Ni Dl branes wrapped on the same S 1 . The ten 
dimensional string frame geometry is [39] 

ds 2 = (Z 1 Z 5 )~ 1 / 2 (-dt 2 + dx 2 ) + (Z 1 Z 5 ) 1 / 2 (dr 2 + r 2 dn 2 3 ) + {Z 1 /Z 5 ) 1 ' 2 ds 2 MA , (C.l) 

where V4 is the volume of M4 in the asymptotically flat region and 

^,5 = 1 + ^, Qi = (27r)4 g^ , Qs = 9sN 5 l 2 . (C.2) 



3 For odd d, k can be any odd integer while for even d, k < d/2. 
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In the near horizon limit, we drop the 1 in the harmonic functions ^1,5, and the metric reduces to 
that of AdS 3 xS 3 xM 4 , 

L 2 

ds 2 = -^(- dt 2 + dx 2 + dz 2 ) + I? d£l\ + y/Qi/Q 5 ds 2 M4 . (C.3) 



Here we have introduced z = L ,/r and the AdS length L = i?| 3 = y/QiQ^. The D1/D5 solution 
has a dilaton, e -2 * = Z5/Z1, which in the near- horizon limit becomes a constant, e~* = \J Q5/Q1. 

To study the system on the Coulomb branch for large iV 1;5 , we place a single Dl or D5 brane 
in the background geometry of the stack of Ni t $ D1-D5 branes. Ignoring motion in S 3 or M4, the 
respective DBI actions are given by 

5di,D5 = -T D i,D5 <ti,5 J d 2 x e"* ^ (yi + (dz) 2 - l) , (C.4) 

where o\ = 1 while (T5 = §^^4 accounts for volume of the D5 brane wrapping M4. Using z = Le T 
(as in (6.15)) and the brane tensions 

Tm = o « ' ^ D5 = /o \q is ' ^- 5 ) 



the derivative expansion of the DBI action gives 

\dT) 2 + o(d 4 )}. (c.6) 

Comparing with the expected form of the dilaton effective action [11] 



Sdi,D5 = / " x 



S eS = - C -^^Jd 2 x(dT) 2 + ..., (C.7) 

we can read off the change in the central charge: 

Ac [AA r 1=1] = 6N 5 , Ac [AJV5=1] = 6^1 . (C.8) 

This is in complete agreement with the CFT expectation since c = 6N\N^. 
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